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Abstract. Multi-patch systems, in which several species interact in patches connected by
dispersal, offer a general framework for the description and analysis of spatial ecological
systems. This paper describes how to analyse the local stability of spatially homogeneous
solutions in such systems. The spatia arrangement of the patches and their coupling is
described by a matrix. For alocal stability analysis of spatially homogeneous solutions it
turns out to be sufficient to know the eigenvalues of this matrix. This is shown for both
continuous and discrete time systems. A bookkeeping scheme is presented that facilitates
stability analyses by reducing the analysis of ak-species, n-patch system to that of n uncou-
pled k-dimensional single-patch systems. This is demonstrated in a worked example for a
chain of patches. In two applications the method is then used to anayse the stability of the
equilibrium of apredator—prey system with apool of dispersersand of the periodic solutions
of the spatial Lotka—\Volterramodel.

1. Introduction

In most natural populations individuals are not evenly distributed across space.
Consequently, the role played by spatial heterogeneity in both the dynamics and
the persistence of populations has been a question of considerableinterest to math-
ematical ecologists. Spatial structure can be explicitly incorporated into mathe-
matical models in one of two ways, either as a continuous variable (as in reaction
diffusion models) or as adiscrete variable. In the latter case, asingle populationis
considered as being made up of a collection of smaller subpopulations (‘ patches’)
between which individual s migrate. Such models have attracted considerable atten-
tion in recent years, partly because they are often more amenable to mathematical
analysis and partly since their smulation is straightforward.
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A key question addressed by such investigations is the effect of dispersal on
the stability of population dynamics. Because the absence of a stable homogeneous
solution isasufficient condition for the existence of aspatial pattern, stability anal-
ysis of spatially homogeneous solutions is a natural first step in analysing spatial
systems. In this paper we describe a method for local stability analysis of spatially
homogeneous solutions of multi-patch systems. In essence, the method involves
finding the eigenvalues of the matrix that describes the spatial arrangement of the
patches, and then reducing the multi-patch system to a collection of single—patch
systems. This simplification of the local dynamics makes the model tractable so
that standard techniques can be applied more easily. For instance, a bifurcation
analysisof alow dimensional system can give information about the spatial pattern
that devel ops when the homogeneous solution becomes unstable. These methods
have the obvious advantage over simulations that they lead to more general results
and hence to clearer insights.

Local stability analysisin multi-patch systemsisa(spatially) discrete analogue
of local stability analysis in reaction diffusion (Turing, 1952; Segel and Jackson,
1972; Murray 1989) and reaction dispersion (Kot, 1989; Neubert et al., 1995) sys-
tems. The discrete form covers cases where the geometry of the spatial domain
cannot be described with a continuous spatial variable. Thisis of particular interest
for ecological problemsfor which the effect of the spatial arrangement of the local
populations on the stability of the global population is studied.

Theanalysisusesanovel method to keep track of all thenk population densities
(k speciesin each of n patches) by arranging them asak by n matrix. Thisavoidsthe
need for the complex book-keeping which arisesif the densities are kept asavector
of length kn. For instance, we do not need to employ the Kronecker product con-
structswhich play acrucial rolein the elegant study of continuoustime multi-patch
models by Othmer and Scriven (1971). Our analysis also provides ageneralisation
to the stability analysis of non-equilibrium homogeneous solutions. This general-
isation can be used, for instance, to study the stahility of spatially homogeneous
limit cycles and can thus shed light on the biologically important issue of the syn-
chronicity observed between populations, whose abundances undergo oscillatory
behaviour, in different geographical regions (LIoyd and May, 1999; Jansen, 1999).
Furthermore, we show that the same method can be applied to discretetime systems,
and we thus generalise and extend results discussed by Rohani et al. (1996).

One of the main aims of this paper is to generalise previous analyses of the
linear stability of spatially homogeneous solutions, and, by extension, of dispers-
a-driveninstabilities (Turing, 1952; Segel and Jackson, 1972; Levin, 1974; Allen,
1975; Kot, 1989; Murray, 1989; Neubert et a., 1995; Rohani et a., 1996). It is
unfortunate that the four cases of continuous or discrete time and continuous or
discrete space have tended to be treated as four separate casesin the literature (Tu-
ring, 1952, is one notable exception in that both continuous and discrete spatial
models are considered). The analysesin each of the four situations are, not surpris-
ingly, very similar indeed, as are the conclusions drawn from them (although there
are important differences between continuous and discrete time models regarding
the bifurcations by which spatially homogeneous equilibrium solutions | ose stabil-
ity and the conditions which lead to such bifurcations; Kot, 1989; Neubert et a.,



234 V.A.A. Jansen, A.L. Lloyd

1995). Considerable duplication of work has occurred as a consguence of this sep-
aration of cases, most notably in anumber of recent papers concerning stability and
dispersal-driven instability in discrete-time metapopul ation models (Rohani et a.,
1996; Rohani and Ruxton, 1999a,b).

In the next section we shall present the main result of this paper, for both contin-
uoustime and for discrete time systems, followed by the proofs of the results. Next
we apply our result, firstly to analyse the stability of the equilibrium of a spatial
predator—prey system, and secondly to analyse the stability of periodic solutions of
agpatial predator—prey system. Finally, the applicability of the results and possible
generalisations are discussed.

2. Main result
2.1. Continuoustime

Consider a spatial system of n patches in which k species interact. It is assumed
that, from the perspective of the species, al patches are identical environments
and therefore that, in the absence of migration, the local dynamicsin each patchis
defined by

X1,j Sfilxj)
Xk, j Sie(xj)
where the dot means differentiation with respect to time and x; isthe vector which
holds the densities of all species in patch j: x; = (xl,j,...,xk,j)T. In vector
notation this can be expressed as
Xj = f(x;) D
where f : R* — RF isavector function. Its Jacobian is denoted as
on of1
Ox1,; """ Oxg,j
Df(xj) = : .o
fk fi
Bxl_j T O,

The patches are coupled through dispersal. The population dynamics of the
spatial system is completely defined by the combination of local dynamics and
dispersal

ij=fG)+ Y cij Mx; @)
i=1

where the k x k matrix M is diagonal, with elements m;,, and describes how mi-
gration differs between species. C isann x n matrix C = {c;;} which describes
the spatial structure of the system and is the same for al species. The density of
speciesh inpatch j changesthrough migration from patchi to j at ratem;,c;;. Thus
¢ii < 0, asdiagonal elementsof C represent individualsleaving a given patch, and
¢;j = Oforalli # j,asoff-diagonal elementsof C represent individualsarriving at
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agiven patch from another. (Note that we adopt the notation of the probabilistically
oriented literature: ¢;; describes the movement from i to j.)

In many biologically interesting situations, dispersal is a non-directional pro-
cess, i.e. the (per-capita) rate of migration from patch i to patch j equalstherate of
migration in the opposite direction. As an example, dispersal between two patches
may depend only on the distance between them. In such situations, the matrix C is
symmetric, but, although this has some implications which we shall discuss later,
we emphasi ze that we do not require C to be symmetric.

Throughout this paper we shall assume that migration conserves the numbers
of individuals and that all patches have equal sizes. Consequently, the number of
migrants leaving a particular patch must equal the sum of these migrants arriving
at other patches. We thus have Z’;zl cij = Ofor al i, implying that C has a zero
eigenval ue corresponding to theright eigenvector (1, . .., 1)7. Using the additional
properties of C mentioned above, it follows from Gershgorin’s first theorem (see,
for instance, Marcus and Minc, 1964) that al non-zero eigenvalues of C have neg-
ative real part. (Note that when patches are of different sizes, the rows of C need
not sum up to zero. Since the model involves densities, as opposed to numbers,
migration from patch i to patch j can cause a decrease in density in patch i that
does not match theincrease in density in patch j. The numbers of migrantsleaving
aparticular patch and arriving at other patchesfrom that particular patch should still
match. Therefore Y i_; wyjcij = O, where wy; isthe size of the j* patch, obvi-
ously w1 = (w11, ..., w1,)! isaright eéigenvector wy of C with eigenvalue0. The
analysis of systemswith different patch sizesis otherwise compl etely anal ogousto
the case of equal patch sizes.)

We shall analysethelocal stability of spatially homogeneous solutions, defined
asfollows.

Definition. A solution is spatially homogeneous or flat when the densities in all
patchesareidentical, i.e. whenx;(t) = s(z) for all randfor all j = 1, ..., n, with
s taking values in R¥.

Not all matrices C dlow for flat solutions. Flat solutions remain flat if the
number of migrants leaving a patch matches the number of arriving migrants: the
migration terms cancel. This will be the case if "7 ; ¢;j = Ofor al j, in other
words, if the matrix C has aleft eigenvector (1, . .., 1) associated with eigenvalue
0, we shall assume that thisis the case throughout this paper. (Thiswill clearly be
the caseif C issymmetric.) If the migration terms cancel for aflat solution, then a
solutionwhichisflat at one pointintimewill stay flat forever and the k dimensional
subset of the state space in which flat solutions take their values is invariant. We
denote such flat solutions by Sqiz(2) = (s(?), ..., s(t)), where s(¢) isasolution of
D).

For large n, stability analysisof an x k dimensional system isadaunting task.
The following result simplifies the problem by reducing it to a stability analysis of
n decoupled, k dimensional systems.

Theorem 1. Let M beak x k matrixand C an x n matrixwith n linearly indepen-
dent eigenvectors, one of which is the left eigenvector (1, ..., 1) with associated
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eigenvalue 0. Let f : R¥ — RK be a vector function which is at least once contin-
uoudly differentiable and let s (r) be a solution of (1) and Sq4 (¢) the corresponding
flat solution of (2).

The linearisation of the system (2) around Spa(#) can be transformed by a
similarity transformation into n decoupled systems of the form

x=(Df(s@) +ArM) x, i=1...,n 3)

where 2; isan eigenvalue of C and x(¢) € Ck.

Thestability properties of Sy (¢) can now be derived from those of then decoupled
systems. When s(¢) = § isafixed point, the corresponding flat solution is locally
asymptotically stable if the matrices Df (5) + A; M do not have any eigenvalues
with non-negative real parts. When s(¢r) = s(¢ + T), i.e., the solution is periodic
with period T, theflat solutionisalinearly stable solution if all non-trivial Floquet
multipliers of (3) for all i lie inside the unit circle. In all other cases the stability
can, in theory, be assessed from the dominant Lyapunov exponents of (3).

We remark that C is guaranteed to have n linearly independent eigenvectorsin
the biologically important case when C is symmetric. In this situation, the eigen-
values of C will be real (as are the corresponding eigenvectors), but will not be
necessarily distinct.

Because C hasazero eigenvalue, one of the systems (3) equal sthelinearisation
of (1) around s(¢). Thus aspatially homogeneous solution can only be stableif s ()
isastable solution of (1); dispersal without loss therefore never stabilises asystem
of which the non-spatial variant is unstable. When x = Df (s(¢)) x is unstable, it
can still be interesting to know the stability properties of the other linearised sub-
systems. If the Lyapunov exponents of the subsystems corresponding to non-zero
eigenvalues of C are negative, then the differencesin density between patcheswill
decrease while the solution is in the neighbourhood of the homogeneous solution.
Thisisparticularly relevant when s (¢) isachaotic solution of (1); theflat chaotic so-
lution attracts only if the Lyapunov exponents of al the subsystems corresponding
to non-zero eigenvalues of C are negative.

When the migration rates are identical for all species, the stability conditions
for the spatial system follow directly from (1). Then, all systems (3) can be trans-
formed to s = Df(s(r)) ¥ by substituting v (r) = exp(—x;m1)x(t), where m
is the migration rate. A corollary is that a single species spatial system cannot be
destabilised by diffusion (Okubo, 1980).

Finally, we note that in the case of an equilibrium flat solution, (3) is of the
same form as the eigenvalue equation obtained in reaction diffusion systems (in
which both space and time are taken to be continuous) when the stability of a
wave-like spatial modeis considered (see, for instance, Murray, 1989). Notice that
the eigenvalue A of the matrix C which appears in (3) replaces the quantity —k2,
where k is the spatial wavenumber—the eigenvalue of the spatial eigenfunction—in
the corresponding expression from the continuous spatial case.
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2.2. Discretetime

Discrete time systems with dispersal are often implemented in two steps. In the
first step the k speciesinteract within their patch, and form the raw material for the
next generation. This interaction transformation is defined by

x1,;jt+1) Six;(0)
X, j(t+ 1) Ji(xj (@)
or in vector notation
xjt+1 = f(x;@®) 4

Next the individuals disperse. Combination of the two stepsyields

xXj(t+1) = fe;0)+ Y cij M f(xi(1) ®)

i=1

This completely definesthe spatial system. When the patches are arranged in some
regular way, system (5) is called a coupled map lattice.

The interpretations of the matrices C and M differ from the previous case,
since they now describe adiscrete, rather than continuous, dispersal process. ¢;;m;,
denotes the fraction of individuals of species i in patch i that migrates to patch
j,and 1+ ¢;;my, the fraction of individuals of species i in patch i that does not
leave during the dispersal step. Despite the differences in interpretation, similar
assumptions are made concerning their structure: ¢;; < O for al i, ¢;; > 0 for all
i # j,and Z’}-:l ¢;j = Ofor dl i. In addition, notice that, since a patch cannot
produce more migrants than the number of individuals present, ¢;;mj, > —1.

Thelocal stability of aflat solution can be established using thefollowing result:

Theorem 2. Let M beak x k matrix, C an x n matrixwith n linearly independent
eigenvectors, one of which isthe left eigenvector (1, ..., 1) associated with eigen-
valueO. Let f : R* — R¥ bea vector function which is at least once continuously
differentiable and let s(z) be a solution of (4) and S;z(7) the corresponding flat
solution of (5).

Thelinearisation of the system (5) about Sf 4 () can be transformed by a simi-
larity transformation into the following set of equations

x(t+1) = +ArM)Df(s(1) x(1), (6)

where ; are the eigenvalues of C, | isthe identity matrix and x (1) € CX.

When s(¢) = 5 isafixed point, the flat solution is stable when all eigenvalues
of the matrices (I + A; M) Df (5) lie inside the unit circle. As before, since C
has a zero eigenvalue, one of these matrices is precisely that which appearsin the
stability criterion of the single-patch system. Dispersal cannot, therefore, stabilise
a system of which the non-spatial variant is unstable. When s(t + 7) = s(¢), i.e,
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when s(¢) is periodic with period 7, the spatially homogeneous solutionislinearly
stable when all eigenvalues of the matrix

(I 4+4M)Df(s(0)) (1 + ;M) Df (s(x = 1)) ... (1 + 4 M) Df (s(D))  (7)

for al i lie inside the unit circle. In al other cases the stability is likewise deter-
mined by the dominant Lyapunov exponents of (6), but their calculation is often
cumbersome.

As in the continuous time case, equality of the migration rates (m;, = m for
all h) leads to further simplifications. As the matrices| + A; M equal (1 + x;m)l,
the eigenvalues of the matrix multiplying x(¢) in (6) are simply those of the sin-
gle-patch Jacobian multiplied by 1 + A;m (Lloyd, 1996). As a consequence of the
restrictions placed upon the entries of C, thisfactor has modulus lessthan or equal
to one. Again, dispersion cannot destabilise the spatially homogeneous equilibrium
(LIoyd, 1996; Rohani et a., 1996). Similarly, examining expression (7) shows that
the stability of aspatially homogeneous periodic orbit isrelated in an obvious way
to that of the corresponding single-patch periodic orbit.

Themethod presented hereisparticul arly useful to construct the stability bound-
ariesof complicated spatial systemsfrom those of asimple spatial system. (Stability
boundaries are curves in parameter space for which the subsystems given by (3)
have at |east one Lyapunov exponent of value zero (or, moresimply in the case of an
equilibrium, have at |east one eigenvalue with real part equal to zero) or for which
subsystems (6) have one or more multiplier with unit modulus.) Asasimple spatial
system consider, for instance, amatrix C with eigenvalues 0 and —1, which arises
for certain two patch systems. Because a stability analysis for complicated spatial
systems requires analysis of subsystems which only differ in their value of A;, the
stability boundaries can be found by a scaling of all migration rates with —){1.
In this way results from small spatial systems can be extended to larger systems
which possibly have more complicated arrangements of patches.

Asbefore, we noticethat for an equilibrium flat solution, (6) isof the sameform
as the eigenvalue equation that is obtained in reaction dispersal systems (in which
space is continuous, but time discrete) when the stability of a wave-like spatial
mode is considered (Kot, 1989; Neubert et a., 1995). Again, comparing the ex-
pressions obtained in the two cases, we see that the diagonal matrix 7 + A; M plays
an identical role to that of Kot's matrix K, whose diagonal €lements are spatial
Fourier transforms of the dispersal kernels for the different species.

3. Proofs

The main problem in alocal stability analysis of ak x n dimensiona problem is
to keep track of all densitiesin an ordered fashion. To thisend the k x n matrix
X11---X1n
X=((x1,...,x5) =
Xk,1 - - Xkon

isintroduced. The columns of this matrix contain the densities of the k speciesina
particular patch, its rowsthe densities of aspeciesin then patches. The interaction
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in a patch therefore works on the columns, and transport between patches on the
rows. Thelocal interaction is between different species in a patch and is given by
the function

F(X)=(f(x1),..., f(xn)

which works on the columns of X. Migration redistributes a species over the dif-
ferent patches, therefore migration works on the rows of X and can be expressed
as apostmultiplication of X (or F(X) for discrete time systems) by the matrix C.
Different speciesin apatch migratewith different rates, which can be accomplished
by a premultiplication of X (or F(X)) by M. The dispersa process can thus be
writtenas M X C (or M F(X) C).

Proof of Theorem 1. The dynamics of a continuous time spatial system (2) can be
expressed as .
X=FX)+MXC. (8)

To analysethe stability of the homogeneous sol ution we consider thetime evolution
of asolution, X, which arises by making a small perturbation to the flat solution.
Then we have the following equation for the time evolution of the perturbation

X — Sha = F(X) — F(Sna) + M (X — Sqia) C. ©)

We can linearise about Sy by writing X = Spa + €Y + h.ot.,where0 < e « 1
and h.o.t. indicates second and higher order terms in €. The term F(X) can be
expanded in a Taylor series

F(X) = F(Sfia +€Y + h.o.t.)
— F(Stia) +€Df(s(t))Y + h.ot.

Inserting this expression into (9) and comparing terms of first order in € we obtain
the following equation for the time evolution of Y

Y =Df(st)Y+MYC.

Since C hasn linearly independent eigenvectors, it can be diagonalised by asim-
ilarity transformation (this is a standard technique from linear algebra, see, for
example, Hirsch and Smale, 1974), that is to say, there exists an invertible matrix
A suchthat A=1C A = A where A is adiagonal matrix. The diagonal elements
of the matrix A are the eigenvalues, A of C, and the matrix A can be constructed
using the eigenvectors of C. In particular, weset A = (w1, ..., w,) wherew; isa
right eigenvector of C,i.e. Cw; = Ajw;, and A~ = (vy, ..., v,)T wherev; isa
left eigenvector of C,i.e., v;C = ;v;. We shall choosev; = (1, ..., 1) astheleft
eigenvector associated with A1 = 0.

Using the linear transformation ¥ = Y A, we transform the k by n matrix
Ytov = (Y1, ..., ¥,). For acontinuous time spatial system, linearised in the
neighbourhood of the spatially homogeneous solution Sz, the derivative of W
with respect to time is

U=YA=Df(st)YA+MYCA
=Df(st)V+ MWV A
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Because A isdiagonal thedynamicsof the columnsof W are decoupled and A trans-
forms the linearised version of (2) to a system of n decoupled subsystems given
by (3). The transformed variable W is expressed in a coordinate system where the
coordinate axes are invariant with respect to the linearised flow. |

Proof of Theorem 2. For discrete time systems the same method can be applied.
First (5) isrewritten in matrix notation as

X' =FX)+MF(X)C (10)

where the shorthands X = X (1), X’ = X (¢t + 1) are used. As in the proof of
Theorem 1, we shall make a small perturbation about the flat solution, writing
X = Sz + €Y + h.o.t., and then linearise around St 4

X' — Shg = F(X) — F(Sna) + M (F(X) — F(Spa)) C. (11)

Expanding F (X) inaTaylor series about S5 and collecting terms of order ¢ gives
the following equation for the time evolution of Y

Y =Df(s@)Y+MDf(s(t)) Y C.

Again, we transform Y into ¥ with the matrix A that diagonalises C. The trans-
formed variable W changes over time as

UV =Y A=Df(s(t))YA+MDf(st)YCA
=Df(s))V+MDFf(s@) VA

which aren decoupled systems, each of which can berewritten as(6) for appropriate
Ai. O

4. Examplesand applications

In general there are no methods to determine the stability of a spatial system di-
rectly from the non-spatial system. However, the method described here can greatly
reduce thenumerical effort becauseit allowsthe extrapol ation of resultsfrom acol-
lection of uncoupled systems to more complex systems. We shall demonstrate this
for asimple spatial system and then apply it to two spatial predator—prey models.

4.1. Example: a chain of patches

Above we showed how local stability analysis of aspatially homogeneous solution
of an-patch system can be reduced to an analysis of n uncoupled systems. We will
demonstrate this for a chain of equally spaced patches of identical size. In such a
chain every patch that is not at the end of the chain will lose half of its migrating
individuals to the left and the other half to the right. Patches on the end will lose
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only half their migrants because the other half will be reflected from the end of the
chain. Inthis case C takesthe form

101
-1 1 0. 0
1 1-.
31 3
1 1
0o i-11
(12)
0
1 1
. ? _1 i
11
. 0. 0 -3 ]
Theright eigenvectors are (Othmer and Scriven, 1971; May, 1974)
1 i —1 3G -1 2n — (i — D \7
w; = — cos(l )n,cos G )n,...,cosu
n 2n 2n 2n
with corresponding eigenvalues i; = —1 + cos “=P% wherei = 1,...,n. Note

that for astability analysisit is sufficient to know the eigenval ues; the eigenvectors
need not be known since it is not necessary to explicitly calculate the matrix A.

4.2. Application 1: a predator-prey systemwith a localised
predator disperser pool

In Weisser et a. (1997) a predator—prey system is studied in which the interaction
between predator and prey islocalised in patches and in which individual predators
can migratefrom patch to patch through apool of dispersers. A pool of migrantssta-
bilises the neutrally stable equilibrium of the L otka—\olterra predator—prey model
(Holt, 1985; Weisser and Hassell, 1996). When a Holling type 11 functional re-
sponseis added to the model, asingle, global pool stabilises the equilibrium if the
destabilising influenceis not too strong. Beyond a certain threshold the equilibrium
becomes unstable (Namba, 1983; Holt, 1985; Weisser et a., 1997).

The above result is based on a single global pool through which al migrants
disperse. A natural question is whether the stability domain expands or contracts
when spatial interactions are explicitly included in the model. To answer this ques-
tion, the global poal issubdivided into local pools. Migrants from each patch move
into a pool belonging to the local patch from which they can travel to other poals.
Thisresultsin the following locdl interaction:

H; P,
P rHi - 14T, H;
f) = T d+e)P; +10;
ePi — (L +5)0i

where x; = (H;, P;, Q;)T. The variables H; and P; are the densities of, respec-
tively, prey and predators in patch i and Q; is the density of predator dispersers
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in the local pool belonging to patch i. Within a patch, the prey population grows
with rate r and predators die with rate d. Predators become dispersers with rate e
and dispersers move back from the local pool to the patch with rate «. The death
rate in the patch is s and T}, is the predator’s handling time for a prey item. For a
suitable choice of parameters the system has a positive equilibrium x*, defined by
f&x*) =0.

Because only the migrantsin the local pool can migrate to other local pools

00 O
M=|000
00mg

where mg is the maximum rate with which migrants leave the local pool. We shall
assumethat the patches are arranged in achain. Thisdefinesthe multi-patch system.

We now want to find out whether spatial interactions can possibly destabilise
the system. For thisat least one of the equilibria of subsystems (3) should be unsta-
ble while the subsystem corresponding to A; = O isstable. In Weisser et al. (1997)
atwo patch model is studied, with the following connectivity matrix

-11
=[74]
which has eigenvalues 0 and —2. It follows from the evaluation of the Routh-Hur-

witz conditions that the matrix (Df (x*) — 2M) has at least one eigenvalue with
positivereal part if and only if

(2m)?U + 2mg)V + W > 0 (13)
where
U Le T (d+ es )T
= — r E—
L+ s L+ s h
V=UGl+s—U)+rdi+s)+es)T;
W:r(d+%)[(Th(t+s+d+e)—1)(t+s—U)

++s—@+s) +es)T)]

Note that for m o = 0 the model reduces to the single patch case (equivalent to the
subsystemwith A; = 0) sothat W < Oisthe stability condition for the single patch
model. Asisshown in Fig. 1a, the two-patch model can indeed be unstable while
the single patch model is stable (Weisser et al., 1997). The spatia interactions can
thus destabilise the interaction.

Fig. 1a shows the region in parameter space in which aflat solution in achain
of two patchesisunstable. Thiscan be constructed from the resultsin Weisser et al.
(1997) by realising that in their model the only non-zero eigenvalue of C is —2.
The stability condition for a chain of two patches can be found by replacing 2m o
by m o in condition (13).

The region is rather small. To see whether this region will expand or contract
with increasing chain length, an extra patch is linked to the chain. For a chain of
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Fig. 1. Stability of the equilibrium of a predator—prey system with alocalised predator dis-
perser pool, depending on the predator handling time, 7, and the predator migration rate,
mg. In the dark shaded region the equilibrium in unstable in the non-spatial model, in the
lighter shaded region the equilibrium of the spatial model is unstable, while it is stable in
the non-spatial model. In the unshaded region the equilibrium is stable in the spatial and
non-spatial models: (8) for achain of two patches, (b) for achain of three patches, (c) for a
chain of patches of infinite length. Parameters:r = 1,e = 1,1 =s =0.2andd = 1.5.
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three patches the eigenvalues of C are 0, —1/2 and —3/2. In Fig. 1b the unstable
region in Fig. lais copied twice after a scaling with —){l. Clearly theregionin
which the equilibrium is unstable becomes larger. For a given handling time, the
equilibrium of alonger chain is unstable for a larger range of migration rates. If
thetwo patch system is stable for all migration rates, all chains of longer length are
always stable.

The region of instability generally increases with increasing chain length. For
aninfinitely long chain the homogeneous sol ution isunstablefor all migration rates
above a lower boundary (Fig. 1c). Even for very large migration rates we do find
instability. The reason for thisis that, for an infinitely long chain, the eigenvalues
of C can take values close to 0. Therefore even very large migration rates can be
scaled back to values for which the two patch model is unstable. The lower value
of the migration rate for which instability is found happens to be exactly half the
value of the lower stability boundary of a chain of two patches (thisis because the
smallest eigenvalue of C goes to —2 as the number of patches goes to infinity).
A general conclusion is that the region of instability increases with the addition
of more patches to the chain. If the patches are not arranged in a chain but in a
different geometrical arrangement a similar result can be expected to hold.

4.3. Application 2: the spatial Lotka—\olterra system

The simplest and oldest model for the interaction between predator and prey isthe
Lotka—Volterra model (Volterra, 1926). The model has a neutrally stable equilib-
rium, surrounded by neutrally stable closed orbits. The dynamics show periodic
oscillations with an amplitude which depends on the initial conditions; therefore,
there is no restriction on the possible amplitudes. The spatial counterpart of this
model is different in that the amplitude of the oscillations can be restricted by sta-
bility, even though no long lasting spatial patterns can develop, and all solutionsin
the end converge to a spatially homogeneous solution (for the spatially continuous
case see Murray (1975), for the spatially discrete case see Appendix). Indeed, in
atwo patch Lotka—Volterra model spatially homogeneous periodic solutions that
oscillate with a large amplitude can be diffusively unstable (Jansen, 1994, 1995;
Jansen and De Roos, 2000). Thisrestricts the amplitude of the oscillations to those
spatially homogeneous solutions that are (neutrally) stable.

We shall demonstrate how the maximum possible amplitude of the oscillation
depends on the size of the spatial domain. For this, the results for the two-patch
L otka—Volterra model need to be extrapolated to general spatial models. We shall
do thisfor achain of identical patches for which the local dynamics are given by

o (THi — HjPj
Fe) = <Hij —MPJ) (9
Wherexj = (Hj, Pj)T.
In the two-patch model, the reduction in the possible amplitudes is strongest
when the prey are sessile and only the predators migrate (Jansen, 1994). We shall

therefore use
00
w-[92]
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For a chain of two patches the matrix C, as defined by (12), has the eigen-
values 0 and —1. The subsystem of the form (3) corresponding to the eigenvalue
Oisjust the linearisation of the single patch Lotka—Volterra model. Given s(z), a
periodic solution of the non-spatial Lotka—\Volterra system (which, by definition,
hass(t + T) = s(t), where T is the period of the oscillation), we immediately
see that the corresponding spatially homogeneous solutions of the spatial model
exhibit at best neutral stability. But we shall now seethat it ispossible for migration
to destabilise such solutions. We consider the following subsystem, corresponding
to the eigenvalue —1 of C,

X = (Df(s(t)) — M) x. (15)

The stability properties of the above system can be established by numerically
integrating the system of differential equations. If x grows away from 0 the flat
solution is unstable. A moreformal, but essentially similar method, isto determine
the dominant Floquet multiplier of (15) (see e.g. Hartman, 1964). The values of
the multipliers of subsystems (15) with x = O depend on s(z). Fig. 2 shows that
system (15) is unstable for solutions s(z) which oscillate with a large amplitude.
For solutions which oscillate with a smaller amplitude, (15) has two multipliers
inside the unit circle. Between the neutrally stable and the unstable solutions, one
flat solution exists for which (15) has a multiplier at —1. In Fig. 2 the minimum
and maximum prey value of this solution is shown. To demonstrate the effect of
the size of the spatial domain on the observable oscillations in the predator—prey
model, we shall analyse the stability of spatially homogeneous solutions in longer
chains.

1
0

2 4 6 8 10

Mp

Log H neutrally stable
-2
-4

unstable

-6

Fig. 2. A graph of the predator migration rate vs. the minimum and maximum of the prey
densities of the solutions of the Lotka—Volterra model s(¢) for which (15) has a multipli-
er at —1. Flat solutions with a larger amplitude are unstable, flat solutions with a smaller
amplitude are neutrally stable. Therefore this graph also gives the maximum oscillation in
prey densities in a chain of two patches after transients have died out. Parameter values:
r=1u=2
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For a chain of n patches the stability of the flat solutions is determined by n
subsystems (3). These subsystems are identical to (15) after a scaling of m with
—X;. The stahility of flat solutions of any chain can thus be derived from a chain
of length two. For instance, for a chain of three patches the relevant eigenvalues
of C are —3 and —3. To establish the size of possible oscillations for a given m p
the graph in Fig. 2 has to be read at 3mp and 3mp. Since aflat solution that is
unstable for any of these two values will not be observed, only the most restrictive
value matters. In this way a diagram of the maximum possible oscillations versus
the length of the chain can be constructed (Fig. 3).

With increasing chain length, the number of eigenvalues increases and it
becomes more likely that there is an eigenvalue at or nearby the minimum of
the graphin Fig. 2. Thus, the range of predator migration rates for which the oscil-
lationswill be reduced will increase with the size of the spatial domain (the number

(@)

# of patches ———»
(b)

Log H

Fig. 3. Logarithm of the maximum and minimum prey densities of solutions of the non-
spatial Lotka—Volterra model, for which a chain of patches is still stable vs. chain length.
This also represents the maximum observable oscillation after transients have died out as
afunction of the size of the spatial domain. The dashed lines give the minimum of Fig. 2.
Parameters: r =1, u = 2andin (@) mp = 10, in (b) mp = 0.25.
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of patches). For migration rateslarger than that for which the curvein Fig. 2 attains
its minimum, the amplitude of the maximum observable oscillations will converge
towards the minimum for atwo patch system, as can be seenin Fig. 3a. For smaller
migration rates the observable oscillations converge with increasing domain size
towards either the minimum val ue possibl e or to the maximum possible oscillation
in achain of two patches with twice the migration rate (Fig. 3b). (Thisis again
a consequence of the fact that the smallest eigenvalue of C goes towards —2 as
the length of the chain goes to infinity.) Closed orbits that are neutrally stable can
only become unstable, never stable. Asin the previous example, the spatial interac-
tion can only destabilise the dynamics, but in this example this comes with alittle
twist. As only the homogeneous oscillations with a larger amplitude can become
unstable, but not the ones with a small amplitude, the spatial interactions result in
dynamics which oscillate with smaller amplitudes. Thus spatial interactions result
in the reduction of the amplitude of spatial predator—prey oscillations. An increase
in the number of patches generally tends to decrease the observable amplitude, but
this decreaseis not strict.

5. Discussion

Local stability analysis of spatially homogeneous solutions in n-patch k-species
systems can, once the eigenvalues of the connectivity matrix are found, be reduced
to finding the stability of n corresponding k-dimensional systems. For the local
stahility analysis of aspatially homogeneous equilibrium this might be sufficient to
make the algebratractable, asillustrated for the predator—prey model with apool of
dispersers. For periodic or chaotic solutions, it is unlikely that the stability criteria
can be derived in closed form. The results presented here can still greatly reduce
the numerical effort, because the stability analysis can be reduced to that of alower
dimensiona system. Thisisillustrated for the spatial Lotka—\Volterramodel.

Once the connectivity matrix isknown, al that is needed for astability analysis
are the eigenvalues. For regular spatial systems, such as a chain of patches with
equal spacing, the eigenvalues can be found in closed form (see also Othmer and
Scriven, 1971; May, 1974, for resultson eigenval ues of possible connectivity matri-
ces). Finding the eigenvalues of connectivity matrices for irregular spatial systems
in closed form might turn out to be cumbersome, if not impossible. In such cases
the results presented here can be used after the eigenval ues have been established
by numerical means. This approach might be useful (e.g. Adler and Nuernberger,
1994) for spatial systemsin which the stability depends on the spatial arrangement
of the patches. In the discussion and proofs of the stability results, we assumed that
it was possible to diagonalise the connectivity matrix, but this is not always the
case. In someinstances when the C matrix has repeated eigenval ues there may not
be n linearly independent eigenvectors. In such cases, a similarity transformation
can reduce the C matrix to its Jordan canonical form, containing its eigenvalues
on the diagonal, adistribution of zeroes and ones on the superdiagonal, and zeroes
elsewhere. (Note that the diagonal case is smply a special case of this genera
form.) This can till lead to a considerabl e decoupling of subsystems, and thus the
technique may still be useful in such cases.
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Further simplifications arise if migration rates are the same for all species,
most notably that the stability properties of spatially homogeneous states can be
determined from those of a single uncoupled patch. When migration rates differ,
diffusive instabilities can arise. The analysis is analogous to the analyses of Tu-
ring instabilities in continuous space reaction difusion models (Segel and Jackson,
1972; Kot, 1989; Murray 1989; Neubert et a., 1995).

The results presented can be applied in data analysis. When the habitat of a
species consists of digoint patches, the spatial data cannot be analysed by standard
methods such as Fourier analysis. The results presented here are a starting point
for the analysis of such data. We saw above that the transformation defined by the
matrix A plays a similar role in the analysis of spatially discrete systems to that
played by a Fourier transform in the analysis of continuous spatial systems. When
the spatial dataare described asalinear combination of the eigenvectors of the con-
nectivity matrix, instead of aFourier series, they might reveal aspatial pattern. This
can work, for instance, in a spatial system where external noise keeps bringing the
spatial system back to the spatially homogeneous state, while deterministic forces
try to bring the system away from this state. Then, the eigenvectors corresponding
to the eigenvalues for which the subsystems (3) or (6) are unstable, should explain
alarge part of the spatial variation.

Hereit isassumed that the geographical arrangement determinesthe connectiv-
ity between patchesfor all speciesinthesameway. If thisassumption doesnot hold,
itisstill possiblein some casesto apply an analysissimilar to the one presented here
if the connectivity matrices for all species all have the same eigenvectors (Othmer
and Scriven, 1971; Allen, 1975). Thisrequires that the connectivity matrices com-
mute (Allen, 1975). Throughout this paper it is assumed that dispersal is aprocess
inwhich individuals|eave their patch with afixed probability. This probability can
depend on the density of other speciesin the patch. The framework presented here
can be generalised to accommodate for thisand behaviourally motivated submodels
can thus be incorporated in multi-patch models and in models for aggregation.

Appendix

The main result we shall prove here is that the differences in densities between
the patches disappear for all solutionswith positiveinitial conditions of (2) with f
given by (14), i.e,

H; rHj — H;Pj +mp Y " cijH;
).Cj:(.1>:< J Jri HZz_l ij t>. (16)

P; Hij—,bLPj-l-mpZ?:lCijPi

When the movement of the individuals is undirected we shall present a complete
proof. For directed movement we did not succeed in formulating a concise and
precise proof and we shall only deal with aspecial case. For undirected movement
the probability for an individual to migrate from patch i to patch j isidentical to
the probability to migrate from patch j to patch i hence wyjc;; = waicj;. (Notice
that we do not assume that the patches are of equal sizes.)
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Toprovethat inthespatial L otka—Volterrasystemall differencesbetween patch-
es disappear asymptotically, the function

Vi=H—ulnH; + P, —rinp;.
is defined. We shall show that the function

n
V=3 wy,V
j=1

is a Lyapunov function for al orbits of (16) with positive initial conditions. The
vector wy; = (w11, ..., w1,)! isthe right eigenvector of C with eigenvalue 0,
hence 3}_j wijcij = Oforali =1,...n. First, observethat each V; > O for dll
H; > 0, P; > 0. For my = 0, the derivative of V with respect totimeis

v LY ~ N\ P
E:mPZwljZCijPi—rmPZwljZCij#
el o i
_mPZP Zwl}cll —rmPZZW1]CU P

i=1 j=1 i=1j=1

Since w1 isan eigenvector of C with eigenvalue 0, the first of thesetermsis equal
to zero. Turning our attention to the second term, wefirst splitit in two equal terms,
then werelabel i and j in the second of these and swap the order of summation.

n

dv
EZ_rn;P Zzwl]c”P +Zzwljcljp

i=1j=1 i=1j=1
n
rmp
= Zzww +Zzww
i=1j=1 i=1j=1

Now we make use of migration being undirected (wy;c;; = wijc;;) to give

av P;
E: rmp ZZwle';J( Pf)

i=1j=1
24 p2
rmp (P P)
= Zwau :
j=1i=1
Finally, we again make use of thefact that w1 isan eigenvector of C with eigenvalue
0 to write
2 p2
dv rmp (PF+ P9)
= ZZwljc,]< PP, -2
j=1li=1
rmp P)
) I il
j=li=1

IA
o
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All w-limit sets of orbits of (1) with positive initial conditions are contained in the
invariant subsets of the set in which V = 0, which is the set for which P; = P;
for al i, j. It follows directly from (16) that only the subsets for which P, = P;,
H; = H; areinvariant. Hence, when thereis undirected movement and the prey are
sessile, al orbits of (16) with positive initial conditions converge to the set where
P;=P;and H; = H; fordl i, j.

When the prey aremobile, i.e.,, mg # 0, V isaso aLyapunov function (which
can be easily shown by an argument similar to the one given above) and all differ-
ences between the patches disappear asymptotically.

One of the simplest examples of directional movement occursin a system of 3
cells. The matrix C = C* + C¢ can be seen as a sum of directed and undirected
movement, where C* = {c } and C? = {c } The entries of these matrices are
given by

. 3
min(wsz;cij, wiicji) . .
¢y = I 2 fori # and ¢, = — Z cijs
w1 i=Litj
and
. 3
wijcij — Min(wayjcij, wiicj;) ..
CZ == I 2 fori # j, andc‘f,. =— Z CZ
Wi .
L i=Litj

Notethat (1, 1, 1) is aleft eigenvector of C* and C“. Directed movement can
result in movement in only two possible directions, and the matrix C? is of the
form wlgc”li3 = wlzcgz = wllcgl and c’fz = cgl = c‘213 = Owhilefor al i, Z?:l
wljcf[j =0 (or wllcgl = w13c§13 = wlzcilz and cil3 = ng = cgl = 0, which can
be dealt with similarly). The derivative of the Lyapunov function V thenis

v SN SR,
E =mp Zwlj ZC,'./P,' —Vmpzwljzci./'?
j=1 =1 j=1 =1 J

j=1i=1
=—rmPZZwlf hp rmPZZwlj UP
i=1j=1 i=1j=1
3
rmp , (Pi — Pj )
== 2 Zzwlf ij PP
j=1i=1
—rmp <w13c13 +w12c32P + w1165 — —w13cy3 w12c32—w11c21>
3 2
rmp u (Pi— Pj) d P P
< 5 ZZwlchT —rmpwiicy | 2 P + Fl -3
j=1li=1 L
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where the one but last step used the fact that Py/x + x/ P2 has a minimum value
of 2./P,/P1. By completing the argument as above it follows that the differences
between patches will disappear asymptotically in a system of 3 cells. A similar
argument can be constructed for larger circular systems with directed movement.

Acknowledgements. We thank David Rand for asking the persistent questions that led to
this work and Wolfgang Weisser and Odo Diekmann for comments on the manuscript. We
gratefully acknowledge support of the Medical Research Council (ALL) and The Wellcome
Trust (VAAJ).

References

Adler, ER., Nuernberger, B.: Persistence in patchy irregular landscapes, Theor. Pop. Bial.
45, 41-75 (1994)

Allen, J.C.: Mathematical models of species interactions in time and space, Am. Nat. 109,
319-342 (1975)

Crowley, PH.: Dispersal and stability of predator—prey interactions, Am. Nat. 118, 673701
(1981)

Hartman, P: Ordinary Differential Equations, Wiley, New York (1964)

Hirsch, M., Smale, S.: Differential Equations, Dynamical Systemsand Linear Algebra, Ac-
ademic Press, New York (1974)

Holt, R.D.: Population Dynamics in two—patch environments. some anomalous conse-
quences of an optimal habitat distribution, Theor. Pop. Biol. 28, 181208 (1985)

Jansen, V.A.A.: Theoretical Aspects of Metapopulation Dynamics, Ph.D Thesis, Leiden
University, Leiden, The Netherlands, (1994)

Jansen, V.A.A.: Regulation of predator—prey systemsthrough spatial interactions: apossible
solution to the paradox of enrichment, Oikos 74, 384—390 (1995)

Jansen, V.A.A.: Phase-locking: another cause of synchronicity in predator-prey systems,
Trends Ecol. Evol. 14, 278-279 (1999)

Jansen, V.A.A., De Roos, A.M.: The role of space in reducing population cycles, in: The
Geometry of Ecological Interactions: Simplifying Spatial Complexity, Dieckmann U.,
Law R. and Metz J.A.J, (eds.) Cambridge University Press, Cambridge (2000)

Kot, M.: Diffusion-driven period-doubling bifurcations BioSystems, 279-287 22, (1989)

Levin, SA.: Dispersion and population interactions, Am. Nat. 207-228 108, (1974)

Lloyd, A.L.: Mathematical Models for Spatial Heterogeneity in Population Dynamics and
Epidemiology, Ph.D Thesis, University of Oxford, Oxford, U.K. (1996)

Lloyd, A.L., May R.M.: Synchronicity chaos and population cycles: spatial coherencein an
uncertain world, Trends Ecol. Evol. 14, 417-418 (1999)

Marcus, M., Minc, H.: A Survey of Matrix Theory and Matrix | nequalities, Allyn and Bacon,
Inc., Boston (1964)

May, R.M.: Stability and Complexity in Model Ecosystems, Princeton Universtiy Press,
Princeton, New Jersey (1974)

Murray, J.D.: Non-existence of wave solutions for the class of reaction—diffusion, equations
given by the Lotka—V olterraequationswith diffusion, J. Theor. Biol. 52, 459469 (1975)

Namba, T.: Emigration and population stability of apredator-prey system, Bull. Assoc. Nat.
Sci. Shensu Univ. 11, 9-20 (1983)

Neubert, M.G., Kot, M. Lewis, M.A.: Dispersal and pattern formation in a discrete-time
predator-prey model, Theor. Pop. Biol. 48, 7-43 (1995)

Okubo, A.: Diffusion and Ecological Problems. Mathematical Models, Springer, Berlin
(1980)



252 V.A.A. Jansen, A.L. Lloyd

Othmer, H.G., Scriven, L.E.: Instability and dynamic pattern in cellular networks, J. Theor.
Biol. 32, 507-537 (1971)

Rohani, P, May, R.M., Hassell, M.P: Metapopul ations and equilibrium stability: the effects
of spatia structure, J. Theor. Biol. 181, 97-109 (1996)

Rohani, P, Ruxton, G.D.: Dispersal and stability in metapopulations, IMA J. Math. Appl.
Med. Biol. 16, 297-306 (1999)

Rohani, P, Ruxton, G.D.: Dispersal-induced instabilitiesin host-parasitoid metapopul ations,
Theor. Pop. Biol. 55, 23-36 (1999)

Segel, L.A., Jackson, J.L.: Dissipative structure: an explanation and ecological example,
J. Theor. Biol. 37, 545-559 (1972)

Turing, A.M.: The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. B. 237, 3772
(1952)

Volterra, V.: 1926 Variazoni e fluttuazioni del numero d'individui in specie animali con-
viventi Mem. Acad. Lincel. 2, 31-113 (Trandated in: Scudo F.M and Ziegler J.R. The
Golden Ageof Theoretical Ecology: 1923-1940. Lect. Notesin Biomath. 22, pp. 65-237.
Berlin: Springer (1978).)

Weisser, W.W., Hassell, M.P:: Animals‘onthemove’ stabilize host—parasitoid systems, Proc.
Roy. Soc. Lond. B 263, 749-754 (1996)

Weisser, W.W., Jansen, V.A.A., Hassell, M.P: The effects of a pool of dispersersin host—
parasitoid systems, J. Theor. Biol. 189, 413-425 (1997)



